PARISIAN TYPES OF RUIN PROBABILITIES FOR A CLASS OF DEPENDENT RISK RESERVE PROCESSES
MOGENS BLADT, BO FRIIS NIELSEN, AND OSCAR PERALTA ABSTRACT. For a rather general class of risk reserve processes, we provide an exact method for calculating different kinds of ruin probabilities, with particular emphasis on variations over Parisian type of ruin. The risk reserve processes under consideration have, in general, dependent phase-type distributed claim sizes and inter-arrivals times, whereas the movement between claims can either be linear or follow a Brownian motion with linear drift. For such processes we provide explicit formulae for classical, Parisian and cumulative Parisian types of ruin (for both finite and infinite time horizons) when the clocks are phase-type distributed. An erlangization scheme provides an efficient algorithmic methods for calculating the aforementioned ruin probabilities with deterministic clocks. Special attention is drawn to the construction of specific dependency structures, and we provide a number of numerical examples to study its effect on probabilities.
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SUMMARY
Consider a risk-reserve process {R t } t 0 on the form (1)
where R t describes the reserve of an insurance company at time t, u being the intial capital, {U i } i 1 identically distributed claim sizes, {N(t)} t 0 the arrival process of the claims, and {W t } t 0 is an independent standard Brownian motion. Let 0 = S 0 < S 1 < S 2 < ... denote the arrival epochs of {N(t)} t 0 and T i = S i S i 1 , i 1, the corresponding inter-arrival times, which we assume are also identically distributed. The dependence structure between the different random variables will be defined later. Assuming both claims and inter-arrivals to be phase-type distributed, we embed the risk-reserve process {R t } t 0 into an equivalent fluid flow processes (with a possible Brownian component), which we call fluid flow risk process. This will allow us to introduce dependencies in a simple and controlled manner using the idea underlying the Baker copula by representing the phase-type distributions in terms of their order statistics. In this way, we shall be able to control the dependency in terms of e.g. the Pearson correlation coefficient. The possibility of dependency between inter-arrival times and claims is also considered in the present setup.
Fluid flow processes, apart from being convenient in constructing the dependency structures, also allows for calculating ruin probabilities of different kinds like the usual infinite time-horizon, finite time-horizon, Parisian and finite time-horizon Parisian. Parisian ruin happens if a risk-reserve process, upon becoming negative, does not recover within some prescribed finite time. This time, which can also be random, is referred to as the clock. The clock, which can either be restarted every time the reserve becomes negative (classical Parisian ruin) or temporarily stopped during positive excursions (cumulative Parisian ruin), will be assumed to be i.i.d. phase-type distributed. An erlangization scheme (Section 5) will then enable us to effectively calculate the probability of Parisian ruin with deterministic clocks. Other types of Parisian ruin, like e.g. random clocks for the classical Parisian ruin sampled only once (see [36] ), will not be considered in this paper.
BACKGROUND
The idea of replacing risk-reserve processes by an equivalent fluid flow process goes back at least to [5] . Formulae for the infinite time-horizon probability of ruin in the fluid flow setting are well known, which are usually referred to as first passage probabilities. We stress that studying risk processes through equivalent fluid flow processes has been used extensively; see [13] for a survey. One can achieve a great level of generality with this approach. For instance, the model constructed in [39] consists of a Markov modulated risk process with state dependent claim sizes, with extra claims arising whenever the modulating process changes states. Such a process is governed by a Markovian Arrival Process with state-or jump-dependent claim sizes. The way this process is defined makes it attractive if one is looking to create dependence through Markov modulation. However, for the sake of generality certain properties may become opaque and not easy to understand nor compute. One of them is the following simple question: how can one guarantee that the inter-arrival times and claim sizes follow given marginal distributions while keeping given dependence structures? In Section 6 we develop a systematic construction for different dependence scenarios while keeping the marginal distributions fixed. Our construction will be based on ideas underlying Baker's copula; see [17] and [35] .
The literature on risk models with fixed marginals and dependencies within its elements, or their queueing duals, goes back at least to [27] for the case of the M/M/1 queue with dependency between pairs of service times and inter-arrival times. While several papers are devoted to the M/M/1 queue (see [25] and references therein), this kind of dependency has been pursued for more general models in e.g. [25] for the M/G/1 queue and [38] for the G/G/1 queue. In the risk modelling setting, dependency between inter-arrival times and claim sizes was introduced via threshold structures in [1] and [26] for the Cramér-Lundberg process, later to be extended to the Sparre-Andersen process in [2] . In [12] , a Sparre-Andersen process whose inter-arrival times and claim sizes follow an Assaf's bivariate phase-type distribution [9] is studied by using a fluid flow process embedding. This approach is further extended in [14] and [15] by using the more general class of multivariate matrix-exponential distributions [22] , though their method is entirely analytical being based on excursion theory and the Wiener-Hopf factorization. Another relevant paper is [10] , where dependency between pairs arises by defining certain bivariate distribution with one phase-type-distributed marginal.
The concept of Parisian ruin with deterministic clocks was first studied in [30] for a Cramér-Lundberg process with exponential claim sizes. The results were later generalized to the case of spectrally negative Lévy processes in [29] and [37] for the case of deterministic clocks, and in [34] and [18] for the case of random clocks, Erlang and exponential, respectively. In [28] , the distribution of the number of claims leading to Parisian ruin is computed for the Cramér-Lundberg process. A related paper is [3] , where a discretely observed ruin model can only be declared ruined if it is ever below 0 at its observation points driven by a Poisson process; this coincides with the case of Parisian ruin with exponentially distributed clocks.
PHASE-TYPE DISTRIBUTIONS AND FLUID FLOW PROCESSES
Let {X t } t 0 denote a Markov jump process on a state-space {1, 2,..., p, p+1}, where states 1, 2,. .., p are transient and state p + 1 is absorbing. Then {X t } t 0 has an intensity matrix on the form
where T T T is a p ⇥ p sub-intensity matrix and t t t is a p-dimensional column vector. Since rows sum to zero, we have that t t t = T T T e e e, where e e e is the p-dimensional column vector of ones. Let
.., p p ) and assume that P(X 0 = p + 1) = 0. Then we say that the time until absorption t = inf{t 0|X t = p + 1} has a phase-type distribution with representation (p p p, T T T ) and we write t ⇠ PH(p p p,
The set of transient states {1, 2,..., p} is called the phase-space of the representation. Phase-type representations are by no means unique, a feature which will prove to be useful in the following sections when representing a phase-type distribution as a mixture of the distributions of its order statistics.
For further notation and background on phase-type distribution we refer to e.g. [21] .
A fluid flow process with Brownian components initiated at level u 2 R is a Markov additive process {(V t , J t )} t 0 (see [6] ,p. 309ff.) where {J t } t 0 is a Markov jump process with finite state space, E say, and additive component {V t } t 0 on the form
where {W t } t 0 is a standard Brownian motion independent of {J t } t 0 , and for every i 2 E, r i 2 R and s i 0. Define
, and
A classical fluid flow process is obtained for E s = / 0, whereas E = E s corresponds to a Markov modulated Brownian motion. From here on, we will always consider the case E 0 = / 0. Consider the risk-reserve process (1) with either s = 0 or s > 0; such a process is sketched in Figure 1 for the case s = 0. In order to construct its equivalent fluid flow process, which we call a fluid flow risk process, define a process {(V t , J t )} t 0 (as treated in [4] or [11] ) where the claim sizes are no longer vertical downward jumps but linear movements with slope -1. This way, the fluid flow risk process {V t } t 0 will be at the same level as {R t } t 0 just after the claim occurs (see Figure  2 ). To achieve this, define a Markov process {J t } on the state-space
, where E + (E s ) denotes the phase-space of PH(a a a, S S S) and E the phase-space of PH(b b b , T T T ), In order to gain flexibility in the choice of dependency it might be necessary to increase the dimensions of the Figure 1 . A risk-reserve process {R t } t 0 without Brownian component (s = 0). The jumps, caused by the phase-type distributed claims, are illustrated by vertical lines where the different colours refer to different states of the underlying Markov process. The ladder process on the vertical axis is obtained by projecting the underlying Markov processes of claims when reaching a local minimum.
J(t):
Figure 2. The risk reserve process of Figure 1 converted into a fluid flow risk process V t by straightening out the vertical jumps into lines with slopes 1. If the horizontal blue lines, representing the inter-arrival times T i , i = 1, 2,..., are phase-type distributed, the blue line below the coordinate system is generated by a terminating Markov jump process {J t } t 0 . The ladder process on the vertical axis is identical to the one obtained for the risk-reserve process in Figure 1 .
phase-type representations. This will also increase the dimensions of D D D 12 and D D D 21 . A procedure for increasing the dimension without increasing the number of parameters is the topic of Section 6.
RUIN PROBABILITIES
We consider risk-reserve processes, represented by their equivalent fluid flow risk processes, where their trajectories between claims are either linear increments or Brownian motions with (positive) drift. We assume positive drift of the risk reserve process, and therefore of the equivalent fluid flow risk process as well.
Linear inter-claim increments
Let {(V t , J t )} t 0 be a fluid flow risk process such that E s = / 0, J 0 = i 2 E + and that V 0 = u > 0. Then {J t } t 0 has state-space E = E + [ E , and we may assume w.l.o.g. that its intensity matrix can be written on the form
where e.g. L L L ++ denotes the transition rates for transitions between states of E + . If we have another look at Figures 1 and 2 , we see that ruin happens if and only if the descending ladder process on the vertical axis ever reaches zero. We let b b b + denote the |E + | ⇥ |E |-matrix whose i j-th entry is the probability that R t (or equivalently, V t ) downcrosses level u in state j 2 E given that J 0 = i 2 E + . We let D D D (for "descending") denote the intensity matrix of the projected descending ladder process. Then it is straightforward (see e.g. [4] and [20] ) that the probability of downcrossing 0 by {V t } t 0 for the first time while {J t } t 0 is in state j 2 E is given by Since infinite time-horizon ruin happens if and only if the descending ladder process ever reaches level 0, we obtain the ruin probability by summing over j 2 E in (4). This proves the following standard result (see e.g. [4] or [24] ). 
+ , which may be solved in a number of ways (see [19] ).
Define {d n } n 1 and {u n } n 1 as the (possibly finite) set of sequential points in time at which the process {V t } t 0 downcrosses and upcrosses 0, respectively. More precisely, we let u 0 = 0 and for n 1,
corresponds to the sequence of excursions of {V t } t 0 above zero, and {[d n , u n )} n 1 corresponds to the sequence of excursions of {V t } t 0 below zero. For all n 1, let
(h n = 0 for d n = +•) denote the total amount of actual time, in the sense of the equivalent process {R t } t 0 , accumulated in the n-th subexcursion below 0.
. random variables, referred to as clocks. We say that {(V t , J t )} t 0 (with E s = / 0, V 0 = u > 0 and J 0 = i 2 E + ) gets ruined in the Parisian way with F-distributed clocks if there exists some n 1 such that L n < h n . We let y L i (u) denote the conditional probability Parisian ruin given that J 0 = i. • n=1 h n for some independent non-negative random variable L ⇠ F, i.e. the process is allowed to be negative up to an accumulated total of L units of time before declaring ruin. We let f L i (u) denote the conditional probability of cumulative Parisian ruin given that J 0 = i.
As for Parisian ruin, the concept of cumulative Parisian ruin was originally defined for Lévy processes in [32] .
In the Parisian setting, a clock L n is generated if and when {V t } t 0 downcrosses 0 for the n-th time. If {V t } t 0 can manage to get back into positive before h n exceeds L n , then Parisian ruin has been avoided in this sub-excursion below 0. The process {V t } t 0 may thus get ruined in the usual sense, possibly become negative several times, but still survive in the Parisian setting.
Now consider the first downcrossing of 0 by {V t } t 0 . By the strong Markov property, it is enough to study the scenario in which V 0 = 0 and J 0 = i for i 2 E . Under these assumptions we define
so that h is the accumulated time within the first sub-excursion below 0. For i 2 E , we let
denote the probability that the first excursion below zero terminates prior to time L ⇠ F by upcrossing in state 
where I I I denotes an identity matrix of appropiate dimension.
Proof. The probability of Parisian ruin equals the probability that there is an excursion below zero which does not recover on time. Thus,
= e e e
= e e e 
Notice that the positive drift assumption of {V t } t 0 implies that
From here on, let ⌦ and denote the Kronecker product and Kronecker sum operator between matrices, respectively. For phase-distributed clocks we obtain an explicit formula for the probability of Parisian ruin. Theorem 4.6. Let L ⇠ PH`(k k k, K K K) and denote by E`its phase-space. Define a fluid flow risk process
Let a a a + L denote the matrix of upcrossing probabilities of such a fluid flow risk process, which can be calculated by the iteration scheme in Theorem 9.4.2 of [24] . Then 
For the association of a a a + L as the minimal solution to the stated Riccati equation and its computation we refer to [20] .
, {i L t } will remain fixed or frozen for all t 0 such that i t 2 E . While i t 2 E + , {i L t } will develop according to the sub-intensity matrix K K K, so that {i L t } is a terminating process. On the other hand, {i t } will simply develop according to the original matrix L L L up to the (possible) termination of {i L t }. With this in mind, let a a a
Then, for all i 2 E and j 2 E + , Proof. The probability distribution of the phases at the first downcrossing of level 0 is given by e e e 0 i b b b + e D D Du . As in the proof of Theorem 4.6, the clock L is then initiated and we consider the process 
(e e e a a a + L e e e). ⇤
Inter-claim Brownian motions
Let {(V t , J t )} t 0 be a fluid flow risk process such that E + = / 0, J 0 = i 2 E s and V 0 = u. Then {J t } t 0 has state-space E = E s [ E and its intensity matrix may w.l.o.g. be written on the form
According to [4] , the probability of {V t } t 0 downcrossing 0 for the first time while
is the non-negative solution to the fixed-point equation For the case of Parisian ruin with a Brownian component, we need to take a slightly different approach to the one described in Section 4.1. If E s 6 = / 0, then the process can become negative also at times between claims as a result of the Brownian motion. Also, from the law of the iterated logarithm for Brownian motions, it follows that if the fluid flow risk process is zero at time t, say, then any finite interval [t,t + d ), d > 0, contains an infinite number of points where the process is zero again. To avoid this complication, we employ the following standard trick (see e.g. [37] or [18] ).
Fix e > 0, let u e 0 = 0, and for n 1 define d
so that {d e n } n 1 and {u e n } n 1 corresponds to the alternating points in time in which {V t } t 0 downcrosses level e, later to upcross level 0, respectively. For all n 1, let
with the convention that h e n = 0 for d e n = •. Then h e n corresponds to total amount of actual time, in the sense of the equivalent process {R t } t 0 , accumulated in the interval [d e n , u e n ).
Definition 4.10 (Parisian and e-Parisian ruin). Let L 1 , L 2 , ·· · ⇠ F be i.i.d. random variables, referred to as clocks. Then, with E + = / 0, V 0 = u > 0 and J 0 = i 2 E s , we say that {(V t , J t )} t 0 gets ruined in the e-Parisian way with F-distributed clocks if there exists some n 1 such that L n < h e n . We denote by y L i (u, e) the conditional probability of e-Parisian ruin given that J 0 = i. The conditional probability of Parisian ruin given that J 0 = i is then defined as
Remark 4.11. The number of downcrossings of level zero is countable and for each downcrossing we may assign an independent clock. Thus Parisian ruin could also be defined more directly avoinding the e-approximation, see p.6 of [18] . The numbering of the downcrossings, however, is not obvious, and we believe that Definition 4.10 will provide a more useful approach being directly linked to sample path properties.
At each point d e n we thus associate a clock L n , and if {V t } t 0 can manage to become positive again before the clock rings (i.e. L n > h e n ), then e-Parisian ruin has been avoided in the interval [d e n , u e n ).
Definition 4.12 (Cumulative Parisian and e-cumulative Parisian ruin). Let L ⇠ F be a clock. Then,
We denote by f L i (u, e) the conditional probability of e-cumulative Parisian ruin given that J 0 = i. The conditional probability of cumulative Parisian ruin given that J 0 = i is then defined as
Now, let V 0 = e, J 0 = i with i 2 E s [ E , let h be as in (5) and let t L be as in (9) . Define the probabilities of e-recovery before L bȳ
Theorem 4.13. The probability of e-Parisian ruin with clocks of the L-type is given by
Proof. 
e). (10)
As in the proof of Theorem 4.5, one can argue that V t ! • as t ! • implies that
De e e e ⌘ j < 1 for all j 2 E s and e > 0, (10) is indeed invertible. ⇤ Just as in Section 4.1,Ȳ Y Y(L, e) will be explicitly computable given the assumption that L is phasetype distributed.
where a a a L =
with a a a + L and U U U ss L satisfying simultaneously the equations a a a
ii for all i. Such solutions can be computed via iterative algorithms as the ones found in [4] or in Section 9.6.2 of [24] . 
.
As e # 0 we get the following results.
Theorem 4.16.
(1) The probability of Parisian ruin with clock L ⇠ PH(k k k, K K K) in the presence of Brownian component is given by (13) y (2) The probability of cumulative Parisian ruin with clock L ⇠ PH(k k k, K K K) in the presence of Brownian component is given by
U L e e e e e e a a a + L e e e ◆ .
Proof. We first prove (14) . Notice that 
the result (14) follows. The nonsingularity of (15) follows by noticing that the matrix is the negative of a sub-intensity matrix. To prove (13) , 
= lim e!0 ✓ e 1 (e e e (I I I ⌦ k k k)e U U U L e e e e) e e e (I I I ⌦ k k k)a a a In the equality leading to (16) we used that
U U U L e (I I I ⌦ e e e) = (I I I ⌦ k k k)(I I I ⌦ e e e) + (I I I ⌦ k k k)(U U U L e)(I I I ⌦ e e e) + o(e) = I I I + (I I I ⌦ k k k)(U U U L e)(I I I ⌦ e e e) + o(e).
Also, notice that (I I I ⌦ k k k)U U U L (I I I ⌦ e e e) is a sub-intensity matrix and (I I I ⌦ k k k)a a a + L (I I I ⌦ e e e) is a subprobability matrix. To verify this, consider U U U L to be a block matrix of matrices {U U U i j } of dimensioǹ ⇥`. Since U U U ii e e e is a nonpositive row vector and U U U i j (i 6 = j) has nonnegative entries, then
) ii = k k kU U U ii e e e  0, and
⌦ e e e)) i j = k k kU U U i j e e e 0 for i 6 = j.
Since U U U L e e e is a nonpositive row vector, we also have that
e e e = (I I I ⌦ k k k)(U U U L e e e)  0 0 0, so that (I I I ⌦k k k)U U U L (I I I ⌦e e e) is indeed a sub-intensity matrix. That (I I I ⌦k k k)a a a + L (I I I ⌦e e e) is a sub-probability matrix follows from similar arguments. This implies that (16) is the negative of a sub-intensity matrix and thus nonsingular, so that (13) follows. ⇤ Remark 4.17. The approach used to compute the limits in the proof of Theorem 4.16 is somewhat similar to the L'Hospital rule applied to matrices. However, in our case matrix differentation is only made in certain rows of the matrices, the ones corresponding to the states in which the Brownian component is active. Otherwise, if one were to apply L'Hospital rule directly, a singular matrix arises and inversion is not possible.
Finite time ruin probabilities
Finite time ruin probabilities have previously been considered in [7] for Sparre-Andersen models without Brownian components. Adding a Brownian component does not add complexity to the solution and it can be calculated in an entirely similar way by applying the fluid flow arguments and the corresponding iteration scheme.
In the following we consider the slightly more interesting problem of calculating the Parisian ruin in a finite time-horizon. First we need to define what finite time-horizon ruin means in the Parisian case. 
i.e. the probability that there is a failed Parisian recovery before time Z or if the process is undergoing a recovery when Z rings. Similarly, we define the cumulative Parisian probability of ruin prior to Z ⇠ G and with clock L ⇠ G (given
Now, assume that Z ⇠ PH(g g g, G G G). Then we consider the same fluid flow risk process as for the unlimited time horizon which must be killed at time Z. Thus we may define a fluid flow risk process {V F t } t 0 generated by the Markov jump process {J Z t } t 0 with intensity matrix (1) Conditional on J 0 = i, the finite time-horizon probability of ruin prior to Z is given by 
= (e e e ⌘ n 1 (e e e a a a + Z,L e e e).
Summing over n 1 gives us (2) for s = 0. For the case s > 0, as well as the finite time-horizon cumulative probability of ruin (with both s = 0 and s > 0), follow from analogous arguments. ⇤
ERLANGIZATION FOR PARISIAN RUIN
Most of the literature on Parisian ruin studies cases in which the clocks are deterministic, say, of fixed length T > 0. Unfortunately, Theorem 4.6 does not provide a direct solution to this problem, but the following Erlangization scheme provides a natural way to approximate such a solution, to be refined later into Equation (19) . Consider clocks L (n) , where
Chebyshev's inequality implies that L (n) converges in probability to T as n ! •. With arguments entirely similar to the proof of formula (15) in [7] , or by applying Theorem 11.4.3 of [24] , we obtain thatȳ
for some fixed C i j 2 R, or in matrix notation
where C C C = {C i j }. In the following we prove that a similar relation carries over to Parisian ruin probabilities.
Theorem 5.1. For some constant g 2 R, we have that y
In particular, we obtain the Richardson extrapolation formula (u) ! y T i (u) as n ! •, the Richardson extrapolation offers an improved rate of convergence as we will see in Example 7.3, where we study the use approximation of the probability of Parisian ruin with non-stochastic clocks. For the case of cumulative Parisian ruin, a similar result follows directly from Theorem 11.4.3 of [24] . Theorem 5.2. For some constant g 0 2 R, we have that
Proof. From the well known formula, (A
A A 1 A A A 2 A A A 3 A A A 4 ) 1 = A A A 1 1 + A A A 1 1 (A A A 4 A A A 3 A A A 1 1 A A A 2 ) 1 A A A 1 1 we get that ⇣ I I I Ȳ Y Y ⇣ L (n) ⌘ b b b + ⌘ 1 = I I I Ȳ Y Y(T )b b b + C C Cb b b + n + O(1/n 2 ) ! 1 = ⇣ I I I Ȳ Y Y (T ) b b b + ⌘ 1 + ✓ C C Cb b b + + 1 n ◆ ⇣ I I I Ȳ Y Y (T ) b b b + ⌘ 1 + O(1/n 2 ).
Using Theorem 4.5, and letting
In particular, we obtain the Richardson extrapolation formula
as n ! •.
CONSTRUCTING PHASE-TYPE DISTRIBUTIONS WITH GIVEN MARGINALS AND CORRELATION
The dependence structures in our risk models will be based on a certain subclass of bivariate phasetype distributions which we construct in this section. More specifically, given a pair of phase-type distributed marginals and a feasible correlation, we will explicitly construct a bivariate phase-type distribution based on Baker's copula (see [16] ). The main result of this section is Theorem 6.10, which states that such a class of bivariate phase-type distributions lies within the class MPH ⇤ constructed in [33] . The latter is known to be mathematically tractable and happens to be intimately connected with the theory of fluid flow processes.
The Baker copula
For a general distribution F and X 1 ,..., X n i.i.d. ⇠ F we let X i:n denote the i-th order statistic among n, i.e. X 1:n  X 2:n  ···X n:n , and we let F i:n denote its distribution function. Given two distributions F and G, define bivariate distributions H + and H with marginals F and G by (20) H
The interpretation of H (n)
+ is the following: (1) Produce n samples {X i } in with distribution F and n samples {Y i } in with distribution G. (2) Order each collection into {X i:n } in and {Y i:n } in , and pair them according to this ordering. (3) Select a pair (X i:n ,Y i:n ), i  n with probability 1/n.
The interpretation of H
(n) is similar, but the pairings are done in the opposite direction, that is, they consist of {(X i:n ,Y n i+1:n )} in . In [35] , it is proved (Remark 1) that H
+ (x, y) maximizes and H (n) (x, y) minimizes the correlation between the marginals among the family of distributions H (n) which can be written on the form
where P P P = {p i j } i=1,...,n is a doubly stochastic matrix (i.e. p i j 0 and both rows and columns sum to one). If (X,Y ) ⇠ H (n) , then the correlation coefficient of (X,Y ) is given by
Remark 6.1. The condition of P P P being doubly stochastic is needed in order for H (n) to have marginals F and G. Indeed,
The last equality from (24) (ditto (25) ) follows from the following argument: if X 1 ,. .., X n ⇠ F and U is a uniform distribution over {1,. .., n}, then X U:n ⇠ F.
Remark 6.2. The class of bivariate distributions defined in (21) can be slightly generalized by considering bivariate distributions on the form
where P P P = {p i j } i j is an m⇥n nonnegative matrix with P P Pe e e = e e e and e e e 0 P P P = (m/n)e e e 0 . It is straightforward to verify that the properties of Remark 6.1 still hold for this class of distributions and that
In [31] it is further proved that if F and G have finite variances, then H + and the independent bivariate distribution F(x)G(y), we are able to define a new bivariate distribution that attains any positive feasible correlation coefficient as follows. Lemma 6.3. Let F and G be distributions with finite variances. Given 0  r < r max . Then there exists an n 2 N and 0  q  1 such that
+ (x, y) + (1 q)F(x)G(y) is a bivariate distribution function with marginals which are correlated with correlation coefficient r. Moreover,
Proof. Since H + , then their correlation coefficient, say r + = r(X,Y ), is contained in the interval (r, r max ). In this case let q = r/r + , so that
By (24) and (25),
so that (28) Then (X,Y ) is said to have a bivariate phase-type distribution of the MPH ⇤ -type (or Kulkarni type) and we write
We shall make use of the following notation. The following Theorem 6.6, which to our knowledge is new, gives a phase-type representation for the order statistics of phase-type distributed random variables. This construction was implicitly used in the exponential case in [23] . For n = 2 a similar construction was used in [22] for phase-type and matrix-exponential distributions. Then Z k:n ⇠ PH(a a a k:n , S S S k:n ).
Proof. Consider n independent Markov jump processes {X i (t)} t 0 , i = 1,..., n, underlying Z 1 ,..., Z n . The first time a Markov jump process gets absorbed is then phase-type distributed with sub-intensity matrix S S S n = S S S ··· S S S (n terms) if the state-space is lexicographically ordered. Hence S S S n is the sub-intensity matrix for the minimum of Z 1 ,..., Z n . Killing one process and letting the n 1 remaining continue to run, is taken care of by the matrix s s s n , which makes a transition to a smaller state-space where only the n 1 remaining processes are present. Repeating this argument k times will provide us with Z k:n and the resulting structure of S S S k:n . ⇤
The following provides a recursive formula to compute moments of order statistics of a phase-type distirbution.
Theorem 6.7. Let Z 1 , ·· · , Z n i.i.d. ⇠ PH(a a a, S S S) and let µ k:n = E(Z k:n ). Then (29) µ k+1:n = µ k:n + a a a
⌘ 1 e e e for k = 1,. .., n 1 and where µ 1:n = a a a ⌦n S S S n 1 e e e Proof. Follows easily from Theorem 6.6, µ k:n = E(Z k:n ) = a a a k:n ( S S S k:n ) 1 e e e and the general block inversion formula
There is a probabilistic interpretation of (29): the mean of the (k + 1)-th order statistic can be decomposed as the mean of the k-th order statistic plus the mean remaining time for Z k+1:n to occur.
From the argument at the end of Remark 6.1 and Theorem 6.6 we obtain the following.
Corollary 6.9. Let n 2 N and define a a a (n) = 1 n (a a a 1:n ,. .., a a a n:n ), and 
S S S
1 C C C A . Then PH ⇣ a a a (n) , S S S (n) ⌘ ⇠ PH(a a
a, S S S).
We are now able to obtain a bivariate phase-type distribution with given marginals and correlation coefficient using the representation in Corollary 6.9 and Baker's copula. Then X ⇠ PH(a a a, S S S) and Y ⇠ PH(p p p, T T T ) with correlation coefficient given by (27) . In particular, any choice of feasible correlation coefficient r between X and Y may be attained by choosing a representation (30) with m = n, with n and q as in (6.3), and P P P = qI I I + (1 q) 1 n e e ee e e 0 .
Proof. Let E m X and E n Y be the phase-space of PH(a a a (m) , S S S (m) ) and PH(p p p (n) , T T T (n) ), respectively, and let {J t } t 0 be the terminating Markov jump process associated to (30) 
From (30) it is clear that
where t = inf{t > 0 : J t 2 E n Y }. Thus, by Corollary 6.9, X ⇠ PH(a a a, S S S). Furthermore, the distribution of J t is given by 
so that by another application of Corollary 6.9,
is given by (27) follows by noticing that (30) corresponds to the bivariate distribution defined in (21) . ⇤
Examples of dependency structures.
Now that we are able to construct a bivariate phase-type distribution with given marginals and correlation coefficient, we will setup fluid flow risk processes with these characteristics embedded. In particular, we consider four different scenarios: Dependence by pairs, alternating dependence ( Figure  3a) , conditional independence ( Figure 3b ) and sequential independence (Figure 3c) . Example 6.11. As it was outlined in Section 2, dependende by pairs is the most common in the literature. In this setting, (T i ,U i ) is a sequence of i.i.d. bivariate phase-type random variables, whose distribution is given according to (30) . Thus, T i ⇠ PH(a a a, S S S), U i ⇠ PH(p p p, T T T ) with some given (feasible) correlation coefficient r(T i ,U i ) = r for all i 1. The construction of a fluid flow risk process with these characteristics is as follows.
Given m, n 2 N, let E(m, n) = (1,. .., m) ⇥ (1,. .., n), let P P P = {p i j } (i, j)2E(m,n) be a nonnegative matrix such that P P Pe e e = e e e and e e e 0 0 0 P P P = (m/n)e e e 0 0 0 , and define
Define {J t } t 0 with J 0 ⇠ (a a a (m) , 0 0 0) and intensity matrix
Notice that the first inter-arrival time and first claim size (T 1 ,U 1 ) are jointly drawn from (30) . Once the first claim size finalizes, it is evident from the transition T T T (n) e e ea a a (m) that (T 2 ,U 2 ) is drawn independently from (T 1 ,U 1 ) and T 2 ⇠ PH(a a a (m) , S S S (m) ). Recursively, we end up with a sequence (T i ,U i ) i 1 of independent vectors with bivariate distribution given by (30) . In order to achieve that r(T i ,U i ) = r for all i 1, it is enough to take m, n and P P P as in Theorem 6.10.
The following kind of dependencies, although more involved, are straightforward extensions of the dependence by pairs model. Finding explicit solutions for the ruin probabilities of these models is not possible through classical methods. We believe that this demonstrates the flexibility that risk modelling within the fluid flow framework can achieve. ⇤ Example 6.12. Given m, n 2 N, let P P P and F F F (m,n) (P P P) be as in Example 6.11, let Q Q Q = {q i j } (i, j)2E(n,m) be a nonnegative matrix such that Q Q Qe e e = e e e and e e e 0 0 0 Q Q Q = (n/m)e e e 0 0 0 , and define
Just as in Example 6.11, (T 1 ,U 1 ) has a distribution given by (30) , however, (U 1 , T 2 ) now has a distribution given by
✓ e e e 0 0 0 0 0 0 e e e ◆◆ .
This way we further introduce dependence (and thus correlation) between U i and T i+1 for all i 1 while keeping the same dependence structure between T i and U i described in Example 6.11 and fixed marginals for {T i } and {U i }. In order to achieve fixed feasible correlation coefficients r(T i ,U i ) = r 1 and r(U i , T i+1 ) = r 2 for all i 1, it is enough to chose sufficiently large n and m as in Theorem 6.10, P P P as in Theorem 6.10 with r replaced by r 1 , and Q Q Q as P P P in Theorem 6.10 with r replaced by r 2 . ⇤ Example 6.13. The cases which involve conditional independence or complete independence between the sequences are more involved since we need to keep track of the exit state of the dependent variables. First consider the case with m = n = 2. Let P P P and Q Q Q be doubly stochastic 2 ⇥ 2 matrices and let {J t } t 0 be a Markov jump process with J 0 ⇠ a a a Draw T 1 according to ⇣ a a a (2) , S S S
⌘ . This is done in the usual way of Section 6 but instead of making the transition from a 2 ⇥ 2 block matrix to another 2 ⇥ 2 block matrix, we make a transition to a 4 ⇥ 4 block matrix as shown. We draw U 1 which depends on T 1 , but when proceeding to draw T 2 we see that this will be drawn independently of U 1 and dependent on T 1 . Indeed, regardless of coming from a state in T T T 1:2 or in T T T 2:2 , the probability of going to a state in S S S 1:2 is the same (similar for the blue track), however, the drawing of T 2 does depend on the colour if q 11 6 = q 21 and therefore on the original chosen colour through T 1 . Hence T 1 and T 2 are dependent, U 1 depends on T 1 , and T 2 is conditionally independent of U 1 given T 1 .
A small reflection shows that the extension to general P P P and Q Q Q matrices is given by (indices "ci" for conditional independence) 
Here I I I (m) denotes the m ⇥ m-dimensional identity matrix and D D D({A A A i }) denotes the block-diagonal matrix with block-elements {A A A i } in its diagonal. In order to achieve fixed and feasible correlation coefficients r(T i ,U i ) = r 1 and r(T i , T i+1 ) = r 2 for all i 1, it is enough to chose sufficiently large n, m, P P P and Q Q Q as in Example 6.12. will maintain independent draws between T i 's and U i 's, but that the block structure implies that T i+1 does depend on T i and U i+1 on U i . The initial distribution is set to 1/4(a a a 1:2 , a a a 2:2 , a a a 1:2 , a a a 2:2 , 0 0 0 .. ., 0 0 0).
Extension to the n, m-case is given by In order to achieve fixed and feasible correlation coefficients r(T i , T i+1 ) = r 1 and r(U i ,U i+1 ) = r 2 for all i 1, it is enough to chose sufficiently large n, m, and P P P and Q Q Q as in Example 6.12. ⇤
NUMERICAL EXAMPLES
In the following we study several aspects of our model. In Example 7.1 we make an exhaustive study of how dependency affects the infinite time-horizon probability of ruin of a risk reserve process with exponentially distributed inter-arrival times and claim sizes. In Example 7.2 we test the robustness of our model, in the sense that if certain correlation can be achieved with , say, n 0 order statistics, then it will also be possible to model the same correlation with n order statistics for all n > n 0 , each one with different ruin probabilities. In Example 7.3 we study how well the erlangization method approximates the case of Parisian ruin with deterministic clocks for a Sparre-Andersen process. Finally, in Example 7.4 we compute the infinite time-horizon, Parisian and cumulative Parisian probability of ruin for a dependent Sparre-Andersen process with or without Brownian noise.
Example 7.1 (The effect of dependency). In order to study the effect of the dependency between inter-arival times and claim sizes, we consider the simplest possible model where both aforementioned random variables are exponentially distributed. To be specific, we let s = 0 and standardize the inter-arrival times to be exponentially distributed with intensity 1, claim sizes exponentiallydistributed with intensity 1.2. The completely independent case corresponds to the classical Cramér-Lundberg process with exponential claim sizes. We study the effect correlations have on the infinite time-horizon ruin probabilities for the alternating and sequential dependency structures of Examples 6.12 and 6.14. The reason we chose to work with exponentially distributed components in this example is to strip all other complexities of the process to the bare minimum. This will put in evidence the considerable effect that introducing dependence has, even in the simplest model possible.
For the alternating case, we employ the construction from Example 6.12 based on m = n = 10 (number of order statistics). This allows for studying correlations in the interval ( 0.55, 0.71) which are within the feasible range of (1 p 2 /6, 1) = ( 0.64, 1) . The dimension of the resulting phasetype representations, corresponding to Corollary 6.9, are all 110. In order to obtain correlations larger than 0.71 or smaller than 0.55, we should have to increase n and thereby the dimension. Intuitively, positive correlations in the alternating model mean that large claim sizes are commonly followed by large interarrival times, so that these upward and downward movements even out with each other and the probability of ruin is reduced. Negative correlations in the alternating model implies that short interarrival times are usually followed by large claim sizes, so that the probability of getting ruined is higher. This is confirmed in Table 1 for u = 0 and in Table 2 for u = 10. Notice that the dependency of the probability of ruin on the correlation is visibly more meaningful for the case u = 10 than for u = 0. Table 2 . Probability of ruin for the alternating dependent model when u = V 0 = 10.
For the sequential case, we use the method of Example 6.14 based on m = n = 5 order statistics with an implied range of correlations of ( 0.46, 0.54). The reason for diminishing the range is for computational reasons (dimensionality) since the representations in the sequential construction have the double dimension of the correponding alternating ones. For the sequential model, having positive correlation means that there will be sequences of large claim sizes, and if those happen at the same time of a sequence of short inter-arrival times, then the probability of getting ruined is high. Negative correlation means that large claim sizes are followed by small claim sizes, so that the process evens out. Both points are confirmed in Table 3 containing ruin probabilities for the case of u = 0 and Table  4 for the case u = 10. Just as in the alternating model, for the sequential model the dependency of the probability of ruin on the correlation is more meaningful when u = 10 than for u = 0. For this case, even modest changes in the correlation have quite some impact on the probability of getting ruined. Table 4 . Probability of ruin for the sequential dependent model when V 0 = 10.
One of the conclusions we may draw from the present example is that the effect of correlation are opposite in the alternating and sequentially independent cases and therefore that the way we construct the dependency in the model is of substantial importance. ⇤ Example 7.2 (Robustness of ruin under different constructions). Here we look at an example of how sensitive the probability of ruin is to the actual construction of the desired dependency. According to Lemma 6.3 and the comments at the end of Section 6, we may attain any feasible correlation coefficient with n order statistics where n is chosen sufficiently large.
We consider the alternating model of Example 7.1, that is, one with exponentially distributed marginals for U i and T i , and with pairwise correlations between T i ,U i and U i , T i+1 in the range of 0.3 to 0.5. This can be constructed using m = n = 5 of Example 6.12 but it can also be constructed with e.g. m = n = 20. In Figure 5a , we compare the probability of ruin when u = 0 and r(T i ,U i ), r(U i , T i+1 ) 2 { 0.3, 0.2,. .., 0.5} for the cases where m = n = 5 and m = n = 20. In Figure 5b we show a plot of the relative difference as seen from m = n = 5. Recall that P P P and Q Q Q were calibrated according to given m, n, r(T i ,U i ) and r(U i , T i+1 ). This example illustrates that second order properties by themselves are not sufficient to characterize ruin probabilities, however, it is remarkable that we obtained a deviation of maximum 2% when varying m and n, and in most cases much less. Further improved robustness may be obtained by the inclusion of additional descriptors like higher order (cross) moments in the calibration. ⇤
In the following examples we consider the inter-arrival distribution to be Er 2 (2.5) and claim sizes PH 5 (b b b , T T T ) distributed, where the latter is a maximum likelihood estimation (minimum KullbackLeibler divergence) to the log-normal LN(1, 1) distribution with density f (x) = (x p 2p) 1 e (log(x) 1) 2 /2 . Such a fitting was performed following the algorithm of [8] , resulting in the density shown in Figure  6 (19) . The results are presented in Figure 7 and Table 5 . While the convergence of y L (n) i (u) as n ! • is slow, the asymptotic approximation b y T,n i (u) converges quickly and provides a good approximation to y T i (u) even for n  5. . Log-Parisian probability of ruin for independent (black), positive correlated (blue) and negative correlated (red) claim sizes. The dashed lines correspond to asymptotic approximations using (19) .
of the inter-arrival times. We consider both cases with and without Brownian noise. The clocks are assumed to be Er 10 (2.5) distributed. In each figure we compare how these probabilities behave in the case of no correlation (black line), positive correlation of 0.3 (blue line) and negative correlation of 0.3 (red line). The asymptotic approximations to the ruin probability for T = 25, using formula (32) with n = 10, are illustrated with dashed lines.
While the presence of a Brownian noise does have an increasing effect on the probability of ruin, which is partly due to the additional possibility of getting ruined between claims and to an overall increased variability of the process, a substantially more important factor seems to be the correlation between claims. Not surprisingly a positive correlation between claim sizes increases the risk of ruin while a negative correlation decreases it. ⇤ . Log-cumulative Parisian probability of ruin for independent (black), positive correlated (blue) and negative correlated (red) claim sizes. The dashed lines correspond to asymptotic approximations using (19) 
